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Abstract: Deconstruction of 5D Yang- Mills gauge theories is studied in next-to-leading 
order accuracy. We calculate one-loop corrections to the mass spectrum of the non-linear 
gauged (T-model, which is the low energy effective theory of the deconstructed theory. 
Renormalization is carried out following the standard procedure of effective field theories. 
The relation between the radius of the compactified fifth dimension and the symmetry 
breaking scale of the non-linear cr- model is modified by radiative corrections. We demon- 
strate that one can match the low lying spectrum of the gauge boson masses of the effective 
4D gauged non-linear u-model to the Kaluza-Klein modes of the 5D theory at one-loop 
accuracy. 
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1. Introduction 

In the last few years the idea that at short distances the fundamental interactions may be 
best described by field theories with one time and more than three space dimensions had an 
enormous impact on particle physics model building 0, §]• It has been used in attempts to 
solve the gauge hierarchy problem, to cure shortcomings of GUT models, to build models 
for the flavor structure and to construct new types of gauge and supersymmetry breaking 
mechanisms just to mention a few of the numerous applications (see and references 
therein). In the simplest physical picture the additional space dimensions are compact^ and 
at distances large compared to the size of these dimensions the physics appears to be four 
dimensional. At energies higher than the inverse radius of the compact dimensions the low 
lying Kaluza-Klein states can be excited. At even higher energies the full nature of higher 
dimensional physics will be revealed. The difficulty is, however, that higher dimensional 
theories are not renormalizable and therefore ill defined as quantum field theories. They 
can only be used as effective field theories (EFTs) defined with a cutoff and limited range of 
validity.^ At energies close to the cutoff they become typically strongly coupled and their 
predictions will depend strongly on the cutoff scheme. These difficulties may be resolved 
by an ultra violet (UV) completion which respects all the important symmetries of the 
quantum field theory (Lorentz invariance, gauge invariance, SUSY, etc). For example, 5D 
supersymmetric Yang-Mills theories could be embedded in various ways into string theory 
or M-theory ^J. However, a pure QFT embedding is also possible 1^, |l^, in particular extra 

^Infinitely large extra dimensions with warped geometries have also been suggested 

^Field theories in five or six dimensions may exist around a non-gaussian ultra-violet fixed point H, ]A m. 
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dimensions can be generated dynamically from anomaly free asymptotically free gauge 
theories. The symmetries and particle content of the theory are represented by "moose" 
diagrams in "theory space" with sites and links. Locality and particle propagation in the 
extra dimensions are maintained due to the nearest neighbor interactions. In simple models 
at low energies the link fields are non-linear cj-model Nambu-Goldstone boson fields, they 
are mostly higgsed to give massive gauge bosons with a spectrum which may match the 
Kaluza-Klein spectrum of compactified extra dimensions. Therefore within 4D models 
one can reproduce an apparently higher dimensional mechanism. In the simplest cases the 
"moose" diagrams lead to discretized actions of extra dimensional gauge theories where only 
the extra dimensions are latticized. Deconstruction by means of an EFT can be viewed 
as a gauge-invariant regulator of the 5D theory^, where the lattice spacing corresponds 
to the cutoff of the higher dimensional theory. These constructions have been proven to 
be powerful also for physics beyond the standard model with a few sites and without any 
higher dimensional interpretation (little Higgs models) [p!^ ]. 

The mechanism of dimensional deconstruction has been demonstrated at tree-level by 
matching the low lying spectra and parameters of the 4D and higher dimensional theory. 
The correspondence has been established precisely and it has been shown that this also 



holds for supersymmetric theories flj, even in the non-perturbative regime |15|. It 
is of interest to investigate this correspondence also beyond tree level. Corrections in 
the mass spectrum may have important phenomenological consequences for the higher 
dimensional gauge models. In some of these models, one- loop corrections may control the 
electroweak symmetry breaking. In recent calculations of the one-loop corrections of the 
gauge boson masses it was found that the corrections have a well defined finite part which 
vanishes in the limit of a large compactification radius |]l^, |T^. The divergent 

contributions, however, are the same as in the uncompactified theory. In the case of 



U{1) gauge theory using the linearized cj-model [20| for deconstruction, these results have 
recently been reproduced. 

In this paper we calculate one-loop corrections in the low energy EFT, which is de- 
scribed by a 4D non-linear cr-model with non-abelian gauge symmetry, and perform renor- 
malization by adding counter terms in chiral perturbation theory. To recover the result 
of the 5D compactified gauge theory one should define the compactification radius. We 
show how the formula for the lattice spacing obtained by the tree level matching is mod- 
ified by radiative corrections. The one-loop corrections obtained in terms of renormalized 
quantities of the 4D theory can then be reinterpreted in terms of 5D gauge coupling and 
compactification radius. 

In Section 2 we review the 4D SU{k) gauged non-linear cr-model together with some 
next-to-leading order terms in the low energy expansion of Goldstone boson interactions. 
In Section 3 we present our results for the gauge and the pseudo Goldstone boson mass 
and discuss the next-to- leading order matching to the 5D gauge theory results. Finally the 
appendices are devoted to some technical details on propagators, the construction of the 
0{p'^) Lagrangian and on the individual diagrammatic contributions. 



^An overview of other possible regularizations of higher dimensional field theories can be found in [Q. 
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2. Effective field theory 



A 5D SU (k) gauge theory with one dimension compactified on Si can be deconstructed 
using a 4D EFT that approximates the spectrum of the first Kaluza-Klein modes |9|, 
IC, O]. The effective Lagrangian is obtained by using a non-hnear reahzation of the gauge 



symmetry, employing well-known techniques from chiral perturbation theory for low-energy 
QCD [21, 22| and for strongly interacting electroweak symmetry breaking sectors |23, 24, 
|25[| . The effective Lagrangian is organized in a power series in small momentum p <C A ~ Attv 



The kinetic terms are 



£2 + A + • • • , where C2 = -Ckm + J^g.i. + J^gh 



N 

Ain = Yl {v'Tr[{D,U,yD>^U,] - -Tt[FP,F>^'^] } , 



p=i 



where the covariant derivative is defined by^ 
The unitary matrices Up are given in terms of the pseudo Goldstone bosons 



^1 



Up = e'^''/\ Gp 



Garpa 



and transform linearly under gauge transformations 



VpUpV^+v 



Al^VpAlv; + -Vpd,Vl 



(2.1) 



(2.2) 



(2.3) 



(2.4) 



(2.5) 



The model can conveniently be described by the moose 
diagram in Figure We will assume throughout that N is 
even. The Lagrangian £kin is a gauged non-linear cr-model 
with A^ gauge groups, with equal gauge coupling g, provided 
we impose discrete translational invariance around the circle, 
p^p+ 1. This model can also be viewed as a 5D pure-gauge 
theory formulated on M4 x Si, where the compactified dimen- 
sion is latticized [2£]. Note that the gauge fields Ap live on 
the sites, whereas the cr-model fields Up are associated with 
the link between two adjacent lattice sites. The correspon- 
dence is established by identifying the Goldstone boson field with the fifth component of 
the higher dimensional gauge field. At tree-level the identification is as follows (note that 
this relation receives corrections at the loop-level) 

„ 9 1 2TrR 
-agAl , a 




Figure 1: Moose diagram 



Gp/v 



g2y2 



N 



(2.6) 



Here a denotes the lattice spacing. The dimensionful gauge coupling of the 5D theory is 
given by g^ = 
EFT (AsD ~ a 

automatically ensured that in the deconstructed theory one is in the perturbative regime. 



ag". From a physical point of view a is related to the cutoff of the 5D 
^). Since for this theory to be valid it is necessary that (75A5D < 1, it is 



*We use the following conventions for the generators r"(a = 1, . 
''1 - ^x"'' as well as = 02(0)5"''. 



Tr [TT"] ^ IS 



-1) of ^(/(fc): [T^.T"] ^if'^'^T" 
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By choosing an i?^-type gauge-fixing term 

-^g-f- = -7 E + ^9v{Gp - ' (2.7) 

p 

we can remove the kinetic mixing term between the gauge and the Goldstone boson fields. 
The corresponding Faddeev-Popov ghost Lagrangian can then be constructed in the usual 
way, although some care has to be taken due to the non-linear realization of the gauge 
symmetry. Following [^], it can be written in closed form as follows (see also [p8| ) 



V 

- ig^v\c^^, - cp{E-\G,/vr'4^, - E-\-G,/vr'4)] (2.8) 
where the matrix valued function E(y) has the form 

^~'(y) = 1:^ = 1 + 1 + 1^ + ^(2^') G;'' = r'^G;. (2.9) 

Expanding up to fourth order in the fields, one obtains explicitly 

p 



- ^-^r'^r'^c;^! - c^)G'^G^(c;+i - c;) + (higher terms)] . (2.10) 

Note that there appear new, quartic interaction vertices between Goldstone bosons and 
ghosts, compared to the case where the symmetry is linearly realized. 

To diagonalize the kinetic Lagrangian one expands the field in terms of Fourier-modes 
(see Appendix^). The mass spectrum is given by 

ml = 4gWsin'^ (2.11) 

for and by for the Goldstone boson. For large N, which means R^^ ^ A5D, the 
masses of the lowest lying modes become approximately independent of N and one gets an 
identical spectrum as in 5D Kaluza-Klein theories. 



~ ^ , for n<^N. (2.12) 



2 



Although the non-linear u-model Lagrangian £2 in Eq. (|2.2| ) by itself is non-renormaliz- 
able, it is possible to remove all divergences in the EFT order by order in the low-energy 
expansion, since only a finite number of terms appear up to a given order in p. For instance, 
at 0{p'^) there are only tree-level contributions from C2, whereas at 0{p'^) one has to 
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consider tree-graphs from £4 and one- loop graphs with vertices from £2- The Lagrangian 
£4 = Y^iCiOi then contains higher order operators Oi which are multiphed by the bare 
low-energy constants^ 

Ci = 6iiJ-' (--^ + log47r] +cl{fi) (2.13) 



Each constant contains a divergent part which absorbs the divergence that arises from 
loops with vertices from £2- The coefficient 5i of the divergent term is unambiguously 
given within the EFT framework. The finite, scheme- and scale-dependent renormalized 
low-energy constants c-(/i) encode the different underlying theories, e.g. a strongly inter- 
acting gauge theory, like QCD, or some linear fi-model with a heavy Higgs boson. The 
renormalization group running of cj(/u) is again completely fixed within the EFT. In princi- 
ple, these low-energy constants can be derived by performing a matching between effective 
and full theory at low energies. In practice, e.g. for a strongly interacting case, one has to 
determine them from experiment. 

There is a well known procedure to construct all possible terms in the effective La- 



grangian at a given order in the low-energy expansion p2|, B3, 23, 24, Ba, First of all. 



it is useful to assign the following chiral dimensions to the different fields 

Up = 0{1) , Gp = 0{1) , D^Up = 0{p) , Al = 0(1) . (2.14) 

These assignments determine the order of individual terms in the chiral Lagrangian by 
power counting. In the present case, one has to take into account that there is a larger 
global chiral symmetry if we switch off all the gauge couplings in Eq. ( p.3| ) . The Lagrangian 



in Eq.(2.2) is then invariant under the following 2N global chiral transformations of the 



non-linear c-fields Up 

Up^e'e,Uj,e-'e,'-\ e<^GSUik), eL,R = eL^nT'' . (2.15) 

From comparison with Eq.( |2.5D one sees that at each point p the gauge group is just the 
diagonal of two adjacent chiral symmetry groups generated by and We therefore 
require that under global chiral transformations the gauge fields transform as follows 

AP ^ e^(e,+en)/2AP^-^(e,+en)/2 . (2.16) 

Half of the chiral symmetries are broken by the gauge interaction and every breaking is 
accompanied by a factor of the gauge coupling constant g. To keep track of the chiral 
symmetry breaking we introduce matrix- valued spurion fields^, that are external fields 
which for our purposes can be thought of being constant. Note that our spurion fields 
differ from those introduced in |l^. Their transformation properties are assigned as 



^ e^e,qP^^-iie,+e,)/2 ^^^^ ^ ^.enqP^^-^iil+en)/2, (2.17) 



^We will use dimensional regularization with d = 4 — e which preserves chiral and gauge invariance. 
Furthermore contributions to the action from the integration measure [dU] in the path integral vanish in 
dimensional regularization. 

^During the preparation of this manuscript [^o| appeared which deals with the topic of spurious in moose 
models in great detail. 
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With their aid one can construct a Lagrangian that is chirally invariant. The new covariant 
derivative is chosen such that it transforms correctly under chiral transformations 



D,Up = d^U, - iqlAf^ql^Up + iC/pg^+M^+lg^+^t , (2.18) 

At the end of the calculation, the spurious will be set to constant values qL,QR — *■ \/g 1, 
therefore explicitly breaking the chiral symmetry. In order to have a consistent assignment 
for the chiral dimension of the covariant derivative, we choose the spurious to be of order 
0{p^/^). This means that we count the gauge coupling g as 0{p), similarly to ||2^ which 
considered chiral perturbation theory with virtual photons. Contributions of higher order 
in the coupling constant g will therefore be automatically suppressed at low energies. 

Making use of the spurious, the requirement of CP-invariance and translational invari- 
ance around the circle, the lowest order Lagrangian C2, that is chirally invariant, contains 
only the two terms written in Eq.( |2.2| ), apart from gauge- fixing and ghost terms. 

Since we will study in this paper only one-loop corrections to the masses of the gauge 
and Goldstone bosons, it will be sufficient to consider only the following four terms in £4 
(the spurious have already been replaced by factors of 1) 

A = c^g'v'Y,Tr[U|{D,U,) C/,+i (Z)^f/p+i)^] + Tr [Fp'^^f/pF^+if/t] 

p p 

+csg\^Y.^v[D^Up{D^^U,)^]+c,g^^Tv[FP,FI^-]... . (2.19) 
p p 

For details see Appendix A priori, there is another term of the form 

2 



Tr 



QRQLUiqRqLU2 ■■■Un 



(2.20) 



that is of 0{p'^^) and can potentially contribute. Since we are particulary interested in the 
large A^-limit, we will choose > 4, so that this term will not show up at O(p^). 



3. One-loop corrections to the gauge and Goldstone boson mass 

In 5D gauge theory compactified on a circle the one-loop corrections to the Kaluza-Klein 



gauge-boson masses have been calculated by several authors ||16|, |17|, |1^, y^. In the cor- 
responding uncompactified theory, which is obtained in the limit of the compactification 
radius R going to infinity, the 5D gauge bosons are massless at the classical level {p^p^j, = p\) 
due to gauge and Lorentz invariance. Since this theory is non-renormalizable, radiative cor- 
rections can only be calculated by introducing a cutoff. If one introduces this cutoff in a 
way that respects gauge and Lorentz invariance, these symmetries ensure that the gauge 
boson remains massless even at the one-loop level. Since Lorentz invariance is violated 
in the infrared by the compactification, finite mass corrections (that vanish as i? ^ 00) 
can be generated by radiative corrections. Here we want to investigate this issue in the 
context of deconstruction, which provides a manifestly gauge invariant regularization for 
the above mentioned theory. The corrections to the gauge boson masses at one-loop order 
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Figure 2: Diagrams contributing to the A^ mass. 



are calculated for large but finite and we show how to relate the results to the 5D theory. 
We will find it advantageous to work in Feynman gauge = 1) where all fields have the 
same tree-level mass spectrum. Using the Feynman rules from £2 and the basis of wave- 
functions from Appendix ^ one can work out the contributions to II^i, from all six one-loop 
diagrams that contribute (see Figure |2|). For the calculation of the mass correction one is 
only interested in those terms that are proportional to gfj_p. 



lim ni(^^ 



5m ^ 



(3.1) 



The last relation in Eq. (|3.1| ) is valid in the leading order approximation. Details on the 
calculation and the results for each individual diagram in Figure § can be found in Ap- 
pendix Quite remarkably, using the formulae given there, it is possible to work out the 
sums in a closed form. However here we choose to expand in terms of A^~^ to simplify the 
result. The contribution from all one-loop diagrams to Sm^ is (for n > 0) 



I loops 



mt 



IH sin^ 

12 



nvr 

77 



5^ 

7 -I- log An - log — ^ 



+ 



+ 



2„,2 



3g'v 



4 
11 



■C(3) 



f^c(.).o(-i, 



96 



+ 



1 

iV3 



m„ sm 



nvr 



+ m„ O ( sin 



7_ 
96 

nvrx 
1^) 



8N^ 



1 

iV5 



(3.2) 



Apart from the corrections coming from loop diagrams, we also have to include contribu- 
tions from the terms in £4. Due to their higher order in p they enter only at tree level. 



Their contribution to the gauge-boson mass originates from the four terms in Eq.(2.1 



2 e 2 



nvr 



(ci + C2 + C3 + C4) - 2(ci + C2) sin — 



N 



(3.3) 



The 1/e singularities appearing in Eq. (|3.2| ) are cancelled by the divergent part of the q 
(see Eq.( ^.13| )). The renormalized parameters c- are coupling constants of the non-linear a- 
model. Since mass corrections proportional to and sin^ mr/N involve the constants 
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c- they can only be predicted if the cj can be extracted by fits to additional experimental 
data^ If one makes a linear completion of this model these constants can be calculated in 
the context of a linear sigma model [^]. They will however depend on the details of the 
linearization such as the choice of the Higgs-potential. 

The question remains how the 5D limit is obtained at one-loop order. To avoid the 
subtleties of the compactification, we will consider the limit of ^ oo which corresponds 
to i?— >oo in the 5D theory. In this limit the 5D theory possesses full 5D Lorentz invariance. 
However since we are working in a latticized model we expect this symmetry to be violated 
at scales smaller than the lattice spacing a. When going to the uncompactified theory 
the fifth component of the momentum becomes a continuous variable (as before we have 
2ttR = Na) 

(3.4) 



vl 



n 



The corresponding relation for the mass reads 



4q V sm — — 

N 



riTT 



A 2 2 ■ 2 

4q V sm . 

^ 2 



(3.5) 



We require that the violation of the Lorentz symmetry does not occur at distances larger 
than the lattice spacing a. Therefore we demand that 



pl{l + 0{p^a)) 



lim (m„ + 5m„) 



(3.6) 



Combining the one-loop corrections Eqs.(3.2,3^ with the tree level expression we find that 
the mass in the limit ^ oo is given by 



lim {ml + 6ml) 

N^oo 



A 2 2 ■ 2 

Aq V sm 

^ 2 



4 



, , C2{G) f 7 

z^-.(^)-^(T^+i°g ..2 



1=1 



• (3.7) 



In order for Eq.( |3.6| ) to be fulfilled, the tree level relation for the lattice spacing in terms 
of parameters of the 4D EFT (Eq.( |2.6D ) has to be modified by quantum corrections, as has 
been pointed out in [^. The properly chosen lattice spacing at one-loop order, that fulfills 
Eq.(p^) is given by 



1 



'(1) 



y2g2 



1- 



-g 



4 

E 

i=l 



c, 



87r2 ll2 



+log 



5fV 



(3.8) 



Note that ii m^+dm^ is ;U-independent, a(i) is also independent of fi. With the appropriate 
definition of a the mass corrections are well defined in the limit a — > 0. Keeping the radius R 
fixed, one recovers the limit of a continuous and compactified fifth dimension. Introducing 
the 5D gauge coupling g'^ = ag^ one finds that the mass corrections are given by 



ml + 5mi 



n 



+ 



3 gl C2(G)C(3) 



R'^ 4 2'kR 47r4fi2 



(3.9) 



^Because the constants enter only in the Unear combinations c\ + C2 and C3 + C4, to determine all of 
them, it is not sufficient to measure the mass splittings only, but one also has to consider other processes 
such as scattering amplitudes. 
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Figure 3: Diagrams contributing to the Goldstonc-boson mass 



This is exactly the result obtained in the 5D calculations |17, 18]. Having worked in a 
manifestly gauge invariant framework and having maintained 5D Lorentz invariance in the 
— > oo limit by the appropriate choice of the lattice spacing, we have obtained a finite 
result^ as was discussed in the beginning of Section |^. 

We have not yet dealt with the zero mode. Since all contributions from £4 are pro- 
portional to m^, which is zero in this case, they do not appear in the mass correction of 
the zero mode. The explicit calculation shows that the correction is in fact exactly zero, 
as all diagrams in Figure |2| cancel each other. This is consistent with the 5D calculation, 
since in the limit of a continuous dimension the zero-mode mass has to vanish because of 
5D gauge symmetry. 

The situation for the mass of the Goldstone-boson is somewhat different from the case 
of the A^. Going to unitary gauge one can show that the only physical mode is the zero 
mode Gq. All other modes are eaten due to the breakdown of the gauge symmetry to the 
diagonal subgroup {SU{k)^ - 



'SU{k) 



diag 



and form the heavy gauge fields |12]. Similarly 



to the case of the A^^ zero-mode the mass corrections have to be finite due to the absence 
of terms in £4 that can absorb possible 1/e-poles. However in this case the correction is 
not zero. The sum of diagrams from figure Figure |3| becomes 



SiriQ 



g^C2{G) 



9 o^v^ ^, , 45 g^v'^ , , 



1 

iV7 



(3.10) 



In the limit of going over to a continuous fifth dimension the shift is three times what we 
have found for the A^-mass (Eq.( |3.9| )). 



4. Conclusion 



When doing calculations in 5D theories one is immediately confronted with the problem 
of non-renormalizability. Deconstruction is one way of introducing a gauge invariant UV- 
regulator in the theory, similar to conventional lattice regularization. Although the non- 
linear (T-model obtained by this procedure as a low energy EFT is non-renormalizable, 

*This has already been pointed out, but not explicitly been shown in |lq]. 



-9- 



one can apply the methods from chiral perturbation theory to obtain sensible and finite 
results at every order in the low energy expansion. We have illustrated how to apply these 
methods to the case of deconstruction and have given an explicit example by calculating 
the corrections to the masses of the gauge boson and the Goldstone boson in a non- 
abelian pure-gauge theory. In order to retain the correspondence between the 5D and 
the deconstructed theory at higher order, a sensible definition of the lattice spacing is 
necessary at a given order in perturbation theory to ensure 5D Lorentz invariance. With 
the appropriate definition the gauge and Goldstone boson masses become independent of 
the cutoff and the continuum limit can be taken. In this limit the one-loop mass corrections 
are finite due to 5D gauge and Lorentz invariance and agree with earlier 5D calculations 
fl^ , 0, |l8|, 19]. We have demonstrated that deconstruction, in the cases investigated in 
this paper, can serve as a viable UV-completion for 5D theories, even at the one-loop order. 



Acknowledgments 

We thank A. Falkowski and S. Pokorski for providing us with details on their related work 
on the linear u-model [^] and for discussions. This research was supported in part by the 
National Science Foundation under the Grant No. PHY99-07949 and the Swiss National 
Science Foundation under Grant No. SNF20-68037.02. Z. K. and M. P. also thank the 
Kavli Institute for Theoretical Physics, UCSB for hospitality during the completion of this 
work. 



A. Mode decomposition 

We first introduce a basis of functions on the set of points p = 1, . . . ,N that fulfills the 
requirement of A^-periodicity. The functions 

I [2 2mrp _ [2 2mrp 

9n iP) = ^N ^ ' = V iV '''' ^ ' 

g^p) = > 9j,/2{p) = ' ^'^^ n e {1, . . . , iV/2 - 1} , 

(A.l) 

form a complete set and serve as an orthonormal basis with respect to the scalar product 
(a,a'e {+,-}) 

N 

Y.9n{p)fn'{p)=5nn'5a.' ■ (A.2) 

Expanded in this basis the gauge- and the ghost-field read 

= E {K^'^aM + ^;'"5n (P)) , c, = Y, {cUUp) + c-g-{p)) . (A.3) 
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Since the Goldstone boson fields Gp are associated with the link between the points p and 
p + 1 we choose a different Fourier basis 



fnip) = \ hrr cos , /„ (p) = -\ — sin 



1 ... 1 



f+ip) = -^, /-^^(p) = , withnG{l,...,iV/2-l} . 

(A.4) 

The corresponding expansion for the Goldstone bosons reads 

Gp = Y. (G^fniP) + GnfniP)) ■ (A.5) 



n 



In this basis the free part of the Lagrangian £2 becomes diagonal and we obtain the 
propagators 

(-^GB)nn'(^) = 71 c^2 i ' ^'^'^ ^nn'^""^ , (-^ghost)nn' (^) = 71 i • ^'^'^ ^nn'^'^^ i 

(^gauge )rm'(^) ~ ~^ 13. 13. TTT ~ ~ 



fc^ — + ie (fc^ — + ie){k'^ — rn^ + ie) 



Onn'O . 



(A.6) 

B. Lagrangian at 0{p^) 

For the purpose of this paper, where we study only the one-loop corrections to the masses of 
the gauge bosons and the Goldstone boson, it is not necessary to construct a complete list 
of operators at 0{p^) and then reduce it to a minimal set of independent operators, using 
algebraic identities and the equations of motion. In particular, the issue of preserving 
gauge invariance when using the equations of motion for the Goldstone and the gauge 
bosons is not so straightforward as in ordinary chiral perturbation theory in the case of 
local gauge symmetries, see ||2^. Furthermore, since we do not consider other observables, 
like scattering amplitudes, we will not be able to extract for instance the divergent terms of 
individual low-energy constants q (Eq.( |2.13| )). Therefore, we give below only some counter 
terms that are needed to render the masses of the gauge bosons finite. In particular, one 



finds the following four terms that give a contribution to the mass of A^, see also [30|, 
p 

^Y.^^W'^^'^Upq^R'nt'^fl^'H] , 
p 

C35'^'5^Tr[Z?^C/p(Z)^[/p)t] , 

p 

p 

We have written the last two terms in a shorthand notation that comprises a set of terms 
that differ by various insertion of spurious. After setting the spurious to yfg 1 they give the 
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n=-(f-l) 

+ ((2 - xf + (1 +x)2)g2r(e/2)A-^/2)5'^'^ 



l-e/2 



+ ((2 - e)(l - 2xf - (1 + x)(2 - x))r(e/2)A-^/2^''g'^ 



2Af(47r)2-^/2 



sin 

-(f-l) 



(n — n')7r /'"^ 



E 



TV 



dx( - 2(%2t;2)r(e/2)A-^/2)^M- 



n TT 



cos 



2Af(47r)2-^/2 ^ N 
"=-(f-i) 



dxx 



Zff2^^C2(G) 

2iV(47r)2-^/2 



2iV(47r)2-^/2 



2r(-l + e/2)Ai-'^/ V + (1 - 2xfT{e/2)A-'/'^q^'q'' 

N 

^ /da; r(-l + e/2)Ai-^/ V 

=-(f-0 

+ 2a;(l - a;)r(e/2)A-^/2^''g'^] 

N 

2 .1 

V / dx [(3 - e)(4 - e)r(-l + e/2)Ai-^/2 

/ \ "'0 

=-(f-i) 



- 2(3 - - xfq' ml^^.)T{e/2)A-^/']g^'' 



2iV(47r)2-^/2 



cos^ / dx[(4-e)r(-l + e/2)A 



l-e/2 



2((1 - a;)2g2 _ ^2^^,)r(e/2)A-/2]5''- 



Table 1: Corrections to the gauge boson propagator (A = (1 — .T)m^ + xrun+n' — x{l — x)q^ and 
n' labels the external states). 



same contribution, which is proportional to the corresponding terms in the lowest order 
Lagrangian £2- One can convince oneself that all terms in Eq.( [B.lD give contributions to 
the mass correction that are proportional to or sin^ (nvr /N) . ^ The same is true for 
the Goldstone boson where = 0. Therefore no counter term is needed at 0{p^) for the 
corrections to the mass of the Goldstone boson and the zero-mode of the gauge boson. 



C. Diagrams contributing at one-loop order 

In this section we give details on the calculation of all one-loop diagrams that contribute to 
the gauge boson self-energy (Figure |2|) in next-to-leading order. The first step is to obtain 

^To obtain higher powers in sin(n7r/Ai') one would need to construct terms that involve products of fields 
at distant points p (e.g. Tr[g£f^,gf jj^ q^+^ql*^"^ f/^+i q'^^'' F^^^q''+^'' C/jJ+i ^£^'9^+'^ U^] for contributions 
of the form sin'*(n7r/Ai')), but these terms are of higher power in momentum due to the spurion fields. 
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the Feynman rules. One expands the fields in terms of their Fourier modes Eqs. (|A.3| , |A.5| ). 
Making use of trigonometric identities and using the orthonormality relations Eq. ( |A.2| ) one 
can evaluate the sum over p and read off the vertex functions for the individual vertices. 
As an example we consider the case of the three-vertex of two gauge and one Goldstone 
boson field. For the special choice of parities given in Figure ^ the vertex function becomes 

(2ni 



V 



AAG 



sm ■ 



N 



(^Onl-n2,n3 + Onl+n2,n3j 



■ sm — \0nl-n2-n'i + 0nl+n2, 



-n3 



where 



1 if (n 
else 



n 



Figure 4: Two gauge, one 
Goldstone boson vertex. 



mod iV = 



0,N/2 



(C.l) 



(C.2) 



^AAG 



G: 



y^TjN if n 

^/ijN else 

The remaining vertex functions can be obtained in a 
similar way. With this information at hand, the expressions 
for all diagrams that contribute to the one-loop gauge boson 
self energy can be written down using the propagators from 
Eq.( |A.(j ). One is left with two sums over Kaluza-Klein la- 
bels of the propagating internal states, one of which can be 
evaluated by making use of the Kronecker delta. Because of 
translation invariance the diagrams are only non-vanishing 
when both external states have the same Kaluza-Klein la- 
bel. One proceeds in the usual way by Feynman parameterizing the integrals and evaluating 
them in dimensional regularization. The results are given in Table |l]. For the calculation 
of the mass corrections we are interested in the on-shell limit of these expressions. Quite 
remarkably the remaining sums can be evaluated in a closed from with the aid of the 
following two relations (here '00 denotes the Digamma-function)^'^. 

N/2 



sm 

-{JV/2-1) 
N/2 

E 



2m 



N (2m 



22m 



m 



(C,3) 



-{N/2-1) 



) log 


2 


sin — 




L n\ 



1 



22m— 1 



.k=l 



(-1)* 



2m 



m- 



-k 



{Mk/N)+MM/N)) 



2m 



m 



(7+iVlog2) 



(C.4) 



The mass correction Eq.(3.2) follows from expanding the rather lengthly result in the case 
of large N. In the special case of the zero-mode with m^, = the correction is found to 
be vanishing. 

Next we want to do the corresponding calculation for the Goldstone boson. Here the 
situation is somewhat easier since we only have to deal with the zero-mode, being the only 
physical degree of freedom. Proceeding as before the contributing diagrams from Figure ^ 
give the corrections listed in Table ^. After evaluating the sums and expanding in the 
mass correction is the one given in E q. ( [j.lO ) . 

^''Eq.(C.4) can be derived by the use of Gauss's Digamma theorem |3l|]. 
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riTT 



2iV(47r)2-^/2 

7 — ;^ > cos — / dx X 



-e/2 



E 

-(f-0 



(4 - e)r(-l + e/2)Ai-^/2 _ 2q\i + a:)2r(e/2)A- 



-e/2 



nvr 



^g'^^^2(G) ^ ,„,2:^/dx 
2iV(47r)2-^/2 AT ' "^"^ 



2mlT{e/2)K- 



e/2 



n=- 4^-1 



ig2^^C2(G) 

2iV(47r)2-^/2 

n=-(4-l) 



^ sin2^/ dxf-|r(-l + e/2K 



2(4-e)r(-l + e/2)m2 



2iV(47r)2-^/2 4- AT io 



n=- 4^-1 



^g2^^C2(G) 
27V(47r)2-^/2 



N_ 

/ \ "'0 



^(4 - e)r(-2 + e/2)mt' lq^T{-l + e/2)ml-^ 



Table 2: Corrections to the Goldstone boson propagator (A = — x{l — x)q^). 
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